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ABSTRACT: Thanks to the tremendous progress in data, computing power and algorithms, Al-based material mining
and design have gained much attention. However, building high-performance AI models requires efficient material
structure representation. In this work, we propose a structural characterization method based on the neighborhood path
complex for the first time. Specifically, we use persistent neighborhood path homology to obtain the structural features
by introducing a filtration. This approach preserves more elemental information, as well as the corresponding physi-
cochemical information, through the directed edges of the neighborhood digraph. To validate our model, we perform
cross-validation with the carborane structures. The Pearson coefficient for stability prediction is as high as 0.903, which
is a 15.5% improvement compared to the traditional persistent homology method. In addition, we constructed a
prediction model based on the neighborhood path complex, and the Pearson coefficients for the prediction of car-
boranes’ HOMO, LUMO, and HOMO-LUMO gaps were 0.915, 0.946, and 0.941, respectively. The results show that our
proposed method can effectively extract structural information and achieve accurate material property prediction.

KEYWORDS: Directed graphs; structure; neighborhood path complex; stability; carboranes.

1. INTRODUCTION

Feature engineering is of critical importance for artifi-
cial intelligence in areas such as materials design and
new materials discovery. For these areas, the generali-
zation ability of machine learning models is related to
the high readings of the model inputs. For materials
with physicochemical significance, extracting features
with more intrinsic properties of the material can help
machine learning models understand the intrinsic
physical laws and thus produce more powerful models.
Mathematical invariants extracted from frontier
mathematics with topology, geometry, algebra, etc., can
often describe the most intrinsic and fundamental
properties of materials and structures. Feature engi-
neering methods based on these advance mathematical
tools have been successful in a variety of fields."”

A neighborhood complex,” roughly speaking, is a
simplicial complex built on a graph with each simplex
given by a collection of vertices that have a common
neighbor. It can be used to study correlations between
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vertices with shared neighbors within a point set, and
the neighborhood complex has also been applied
in drug design-related fields through the persistent
homology approach. A variant of neighborhood
complex, the neighborhood hypergraph was used to
describe the structure and stability prediction of small
fullerene molecules.” However, since the object studied
in the theory of neighborhood complex is the vertex set
and the elements within a vertex set are not different,
the elemental information within materials can easily
be weakened or even lost in the characterization pro-
cess. Due to the path complex and path homology
theory, named as GLMY theory, introduced by
Grigor’yan et al.,°® the relationship between different
elements in a vertex set can be better handled, i.e.
path, a kind of directed edge. The path complex
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(which can usually be obtained from a directed graph)
can characterize the difference between points by di-
rected paths. The path complex shows application
potential in molecular and materials sciences.” There-
fore, as a generalization, neighborhood path complex
has higher advantages for describing real material
systems that contain different elements.

In this work, we propose a neighborhood path
complex for the first time and extract structural fea-
tures of materials using path homology theory, which is
called neighborhood path homology. In addition, by
introducing a filtration process, persistent neighbor-
hood path homology can retain more geometric fea-
tures, thus allowing the machine learning model to
better predict the material function.

Original persistent homology has been successfully
applied to the study of single-element clusters'® and
some multi-element clusters. However, in these studies,
either the system has only one element, or the differ-
ences between different atoms are neglected during the
analysis, and thus some critical physicochemical in-
formation is ignored. In this paper, we present a
neighborhood path homology method and apply it for
the first time to structural stability prediction and band
gap prediction of closo-carboranes, which contain
multiple elements.

As one of the stable cluster structures, carborane is a
polyhedral cluster of borohydrides in which one or
more borohydride B(H) vertices may be replaced by C(H)
units.'»'? The structure of such closo-carboboranes
C,B, ,H, has been studied in both experimentally
and theoretically.'>'* In addition, the tendency of the
stability of C,B, ,H, (n=5-20) to vary with the
increasing number of B atoms has attracted atten-
tion.'»!°1% In this work, we use the C,B,_,H,, (n = 5-
20) cluster structure data set for the validation of the
proposed NPH method. For carboranes, the basic idea
is that both bonding and nonbonding in the structure
can be used to estimate the orbital energy, and the
relative stability of the structure can be directly
expressed in terms of the relative energy. Therefore, in
this work, the relative energy of the system is used to
describe the stability of the structure,'” and thus we
achieve the prediction of structural stability by pre-
dicting the relative energy of the structure. Specifically,
we used the persistent neighborhood path homology
method to obtain the structural information of clusters,
including zero- and one-dimensional topological in-
formation, and subsequently achieved accurate pre-
diction of relative energy by linear regression model
and boosted tree regression model, and successfully
established the relationship between structural stability
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and path topological features. Through cross-validation,
the method proposed in this work achieves accurate
prediction of relative energy, HOMO, LOMO, and
HOMO-LOMO gaps for the C,B, ,H, (n=5-20)
system, showing a very high correlation between the
structural features extracted by PNPH and cluster
properties.

2. THEORY AND METHODS

The functions and properties of molecules are deter-
mined by their structures. The simplicial complex has
been used as a common mathematical model for por-
traying molecular structures. Another relatively new
mathematical model for representing molecule is the
digraph or the directed networks. In this work, we
consider the neighborhood digraph of the structure,
which indicates the interrelationship of atoms close to
each other in a molecule. We adopt the path homology
as the topological features for neighborhood digraphs
to analyze the molecular structures. Furthermore, the
topological persistence based on the path homology is
applied to reduce the dimension of graph structure data.

2.1. The path homology theory

The GLMY theory introduced by Grigor’yan et al.°®
provides a tool for us to detect topological invariant on
digraphs. The central idea for the GLMY theory is the
path homology. We will briefly review the path ho-
mology for path complexes of digraphs. Let G = (V, E)
be a digraph, that is, a vertex set V equipped with an
edge set EC V x V. A simple digraph is a digraph
with no loop or parallel edges, where a loop refers to
the edge with the same starting and ending vertex,
and parallel edges refer to those edges with the same
direction between two vertices. In this paper, we will
always consider the simple digraph.

An elementary p-path on V is a sequence of
vertices igi; . .. i, in V. A path complex on a finite set V
is a collection P of elementary paths on V such that
igiy ...i, € P implies igiy...i,_1,i1ip...i, € P. An
allowed p-path on G is an elementary p-path iyi; .. .1,
on V such that (i_,,i;) € E for k=1,2,...,p. Then
the collection P(G) of allowed paths on G consists a
path complex, called the path complex of the digraph
G. From now on, the path complex considered is the
path complex of a digraph.

Fix a field K. Let A, = A,(G;K) be the K-linear
space generated by all the elementary p-paths. We
write the basis for A,(G; K) as Ciyiiyr 105 115+ -8y € V.

504


https://dx.doi.org/10.1142/S2737416523500229

J. Comput. Biophys. Chem. 2023.22:503-511. Downloaded from www.worldscientific.com
by SHENZHEN UNIVERSITY TOWN on 11/23/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Journal of Computational Biophysics and Chemistry

Then (A,),>¢ can be regarded as a chain complex with
the boundary operator

p
8pei0i1...ip = (—l)keioil...i;...ipﬂ pz1. (1)
k=0
Here, z/,; means that the index i is omitted. Moreover,
we denote Jpe; =0. Let A, = A,(G;K) be the
K-linear space generated by the allowed p-path on G.
In particular, A, =V and A, = E. We have a chain
complex (£2,),> with

Q,=0,"A,  NA, ={ceAlo,0e A, 1}, (2

generated by the 0-invariant paths. The path homology
of G is

ker g,

H,(G;K) :=H,(Q),) =———
S T .

p=z0. (3)
The pth Betti number 3, of a digraph G is defined as
dim H,(G; K). Roughly speaking, 3, represents the
number of connected components of G while 3, gives
the number of independent path cycles in G. The Betti
numbers are the topological invariants for digraphs,
which reveals the essential information of a graph. In
this paper, our work is based on the digraph model for
molecules, and the data features considered are built by
the path homology of digraphs.

2.2. Neighborhood digraph and neighborhood
path complex

The neighborhood complex’ was first introduced by
Lovasz to deal with the Kneser’s conjecture in 1978. For
two reasons, we believe that neighborhood complex are
useful for studying the structure of molecules. First, the
neighborhood complex gives a description of the high-
dimensional structure of graphs, which will help us
understand the topology of a graph. Second, the
neighborhood information reveals intrinsic connections
between molecular bonds.

Let G= (V,E) be a graph. The neighborhood
complex® of G, denoted by N(G), is the abstract
simplicial complex on V with simplices given by all the
subsets of V' that have a common neighbor. Mathe-
matically, a simplex o € N(G) if and only if there
exists a vertex v € V such that (x,v) € E for any x € o.
As shown in Figs. 1(a) and 1(b), the neighborhood
complex of a graph is a construction from a graph to a
simplicial complex, which provides us with a topolog-
ical view to analyze the properties of graphs.

In this paper, we consider the construction of
digraphs such that the neighborhood path complex can

b d
R, @ g
© ©)
® @
Graph Simplicial Digraph Neighborhood
complex digraph

Fig. 1. (Color online) (a) The original graph G; (b) The neigh-
borhood complex of G; (c) The directed graph (digraph) G’; (d) The
neighborhood digraph of G'.

be obtained. Let G = (V, E) be a digraph. The neigh-
borhood digraph N p(G) of G is the digraph (V,Ep),
where (i,j) is an edge in Ej, if there exists a vertex
v € V such that (i,v), (v,j) € E. As shown in Fig. 1(c),
from vertex 1, vertex 2 can be reached through vertex 3,
then in neighborhood digraph (as in Fig. 1(d), vertex 1
and vertex 2 can be connected by a path. Note that a
digraph is a generalization of a graph, a graph can be
regarded as a digraph with bidirectional edges.

The following proposition shows that the neigh-
borhood digraph is exactly the 1-skeleton of the
neighborhood complex of the graph. This implies that
the Oth Betti number of the neighborhood digraph
coincides with the Oth Betti number of the neighbor-
hood complex of a graph.

Proposition 1. Let G= (V,E) be a graph. Then
the neighborhood digraph N p(G) is the I-skeleton
skiN'(G) of the neighborhood complex of G.

Indeed, if {i,j} € skjNV(G), then there exists a
vertex v € V such that (i,v), (j,v) € E. Thus, there is a
path ivj on G, which shows that (i,j) € Ep. Here, Ep is
the edge set of ANp(G). On the other hand, if
(i,j) € Ep, there exists a path ivj on G. This shows that
i,j has the common neighbor. So we have
f{i.j} € N (G).

The neighborhood path complex is constructed on
the neighborhood digraph of a graph. Precisely, let G be
a digraph. The neighborhood path complex of G is the
path complex P(Np(G)). Moreover, by a straightfor-
ward verification, we have the following result.

Proposition 2. Let G, H be digraphs. If G C H, then we
have N'p(G) C Np(H) and P(Np(G)) C P(Np(H)).

This result says that the construction of neighbor-
hood path complexes preserves the filtrations of
digraphs. The neighborhood path complex is essentially
from the construction of the neighborhood complex.
As we see, the construction of neighborhood path
complex can turn a long path on a digraph into a

DOI: 10.1142/52737416523500229
J. Comput. Biophys. Chem. 2023, 22 (4), 503-511


https://dx.doi.org/10.1142/S2737416523500229

J. Comput. Biophys. Chem. 2023.22:503-511. Downloaded from www.worldscientific.com
by SHENZHEN UNIVERSITY TOWN on 11/23/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Journal of Computational Biophysics and Chemistry

shorter path. Thus, we prefer to consider the path
homology of the neighborhood digraph rather than the
original digraph. This will enrich the information of
low-dimensional path complex. It is very useful for us
to have more low-dimensional information since we
rarely calculate the higher-order path homology.

2.3. Topological persistence on neighborhood
path complexes

Recall that the persistent homology is always obtained
from a real-valued functions on a simplicial complex.
The usual constructions of simplicial complexes are the
Cech complex®! and the Vietoris-Rips complex.’? In
this section, we obtain a filtration of digraphs from a
data set embedded in a Euclidean space. Information
about the position of atoms in a molecule can be
inscribed, to a large extent, by Euclidean distances. Our
method is based on the filtration of digraphs, which
further provides us with topological persistence on
neighborhood path complexes.

Let G=(V,E) be a digraph embedded into a
Euclidean space R"”. We have a real-valued function
f : E — R on the edge set E of G given by

f@j)=lli=jll, @j) <€k (4)

Here, || - || denote the Euclidean norm. For each posi-
tive number ¢ > 0, we have a digraph G, = (V,E,)
parametrized by ¢, where E; = {e € E|f(e) < t}. For
a < b, there is a natural inclusion G, — G,. Thus, we
obtain a filtration of digraphs {G,};>,. By Proposi-
tion 2, we have a new filtration of neighborhood
digraphs {N'p(G;)}i>o. The (a,b)-persistent neigh-
borhood path homology for the digraph G is given by

Hy'(GK) = Im(Hy (G K) — Hp(G;K)), a<b.

(5)

Here, H,(G;K) denotes the neighborhood path ho-
mology of G; for t > 0. Moreover, the pth (a, b)-per-
sistent Betti number ﬁ;’b =dimH ;”b(G; K) is the
dimension of the (a, b)-persistent path homology. For a
specific molecule, such as a hydrocarbon molecule, we
can obtain a digraph G = (V, E) as follows. The vertex
set V is given by the atoms. For every two atoms, we
have directed edges given by the rule: H — C, C=C,
H = H. With this rule, we can obtain a digraph, and
the atoms are canonical embedded into the usual three-
dimensional Euclidean space. For example, consider
the benzene ring C4Hy. When the distance parameter
is t = 1.5 A, we have a digraph G given as Fig. 2(b) The
corresponding neighborhood digraph of G is given in
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Fig. 2. (Color online) (a) The molecular structure of benzene; (b)
The digraph representation of benzene; (c) The neighborhood di-
graph of benzene.

Fig. 2(c), on which the corresponding neighborhood
path complex is built.

2.4. Euclidean-distance-based persistent
neighborhood path homology

For a given structure, which contains a set of atoms, the
pairwise distance in Euclidean space can be calculated
and stored in a distance matrix M, ,, where n is the
number of points. Pairwise atomic distance d;; can be
calculated as Eq. (4). As the filtration parameter d
increases, a binary matrix C,,, can be generated from
the distance matrix M,,,.,, with the i-row and j-column
elements are noted as p;. We denote p; =1 when
dij < d, indicating the existence of a path from node i
to node j. On the other hand, we write pi=0 when
d;j > d, indicating that no path exists. In addition, to
exclude the loop path, we set p; = 0 when i = j.

To construct the digraph directly from the structure,
we visualize the change of digraph during the growth of
filtration parameter d by using a circle with vertex as
the center and filtration parameter d as the radius.
Figure 3 shows the persistent neighborhood path ho-
mology for benzene, when the circles overlap, i.e.
dj < d, the path can be generated and the corre-
sponding digraph and neighborhood digraph can be
constructed. In this work, the direction of the path is
determined by the electronegativity of the atom. The
atom with small electronegativity points to the atom
with large electronegativity, while when two atoms
have the same electronegativity, they can be connected
by two paths with opposite directions.

2.5. Structural stability prediction modeling

From the previous presentation, we can easily obtain
information about the structure from the proposed
persistent neighborhood path homology (PNPH),
which includes topological information and geometric

506


https://dx.doi.org/10.1142/S2737416523500229

J. Comput. Biophys. Chem. 2023.22:503-511. Downloaded from www.worldscientific.com
by SHENZHEN UNIVERSITY TOWN on 11/23/25. Re-use and distribution is strictly not permitted, except for Open Access articles.

Journal of Computational Biophysics and Chemistry

Research

Digraph

Neighborhood
digraph

Filtration

Fig. 3. (Color online) Persistent neighborhood path homology for benzene. As the filtration parameter increases, the circle with these
points as the center grows and the overlap of the circles is formed with corresponding paths. The direction of the path is determined by
the electronegativity of the element represented by each point. Note that the small electronegativity is defined to point to the large

electronegativity.

information. Furthermore, since the molecular structure
determines the function of the molecule, such as
stability,”~*" this provides the motivation to construct
model to represent a structure-molecule function
relationship.

In this work, we demonstrate the application of the
proposed PNPH method in predicting the stability of
closo-carboranes C,B,_,H, (n = 5-20, 16 structures in
total). The relative energy, which indicates the stability
of the structure, was used as the target. It is calculated
based on the difference in single-point energies. The
relative energy of C,B, ,H, is calculated by using the
BH addition energy,'” as in the following equation:

AHadd = E(CZanan) - E(CzBsHs)

—(n —5)E(BH), (6)

where E(BH) is the difference in energy between B¢H,,
and BsHy. The energy of C,B;Hs is set as the baseline
value. The most stable structure was used for this task
and reoptimized by the DFT method. In addition, we
performed data augmentation and randomly generated
a total of 2193 C,B,,_,H,, (n = 5-20) structure data and
calculated the related HOMO value, LUMO value, and
the difference between them, i.e. HOMO-LUMO gap
value, for each structure.

Specifically, the first task is to validate the proposed
PNPH method using the most stable structure of
C;B,_,H, (n=5-20). To establish the relationship
between the features generated by the PNPH method
and the stability, here, we use the information of H,.
First, the feature is the value of the filtration parameter
corresponding to the first decrease of the dimension of
H,, denoted as F;, which is associated with the earliest
2-path in the structure. The second feature is the fil-
tration parameter corresponding to the dimension of
H, becomes 1, denoted as F,. This value indicates that
any two atoms in the structure can be linked by another
atom, and the electronegativity of the neighbor atom
will be between these two atoms. The third feature
chosen is the average area per atom, which is the ratio
of the area S enclosed by the H, curve, e.g. the blue-
shaded area shown in Fig. 3, to the number of atoms N,
denoted as F;. To emphasize the relationship between
structural stability and the PNPH features presented
above, we performed leave-one-out cross-validation
using linear regression,”® where just three features,
F,,F,, F;, were used as inputs to the model. For the
linear regression model, all the predictions will come
out within 1s.

The second task is to predict the HOMO, LUMO,
and HOMO-LUMO gaps of the structure. Here, H,
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and H; information are used for modeling. Specifically,
we use the filtration parameters every 0.1 A from 0 to
5A and calculate the corresponding zero- and one-
dimensional path homology to produce a feature
vector of dimension 100. We use the gradient-boosting
regressions model for 5-fold cross-validation. In this
work, the learning rate of GBRT is set to 0.005,
max_depth is set to 7, min_samples_leaf is set to 1,
min_samples_split is set to 5, subsample is set to 0.4,
and n_estimators is set to 10000. For the three pre-
diction tasks HOMO, LUMO and HOMO-LUMO gap,
the program runs on Intel(R) Core(TM) i7-8565U CPU
and can be finished in 50, 46 s and 50 s, respectively.
To quantify the prediction accuracy of the model, in
this paper, we use the Pearson correlation coefficient
to measure the correlation between the predicted results
and the results of the DFT calculation, defined as follows:
Z?:l(xi _k)(yi _)_}) (7)
\/Z?:l (xi — 56)2\/2?:1 bi—y)? ,
where x;, y; are the prediction result and the quantum
mechanic calculation result, respectively, and x,y are
the average predicted result and the average value of
the quantum mechanic calculation result, respectively.
In addition to this, mean absolute error (MAE) and
root mean square error (RMSE)are also used to validate
the performance.

PCC =

2.6. Computational methods

All molecular structures used in this work are calcu-
lated by the Gaussianl6 program.”” The stable struc-
tures of closo-carboranes C,B,H, , (n=5-20) and
closo-borane dianions were optimized at the B3LYP/6-
311G(d,p) level of theory.”® In addition, the single
point energies are used to measure the relative energies
of different structures. The VESTA software” is used
for the presentation of molecular structures.

3. RESULTS AND DISCUSSION

3.1. PNPH-based stability analysis for
closo-carboranes

In this work, both the persistent homology (PH) and
the proposed PNPH method are used to predict the
relative energies of closo-carboranes. For C,B, ,H,
(n = 5-20), for each value of n, we have one most
stable structures and its corresponding relative energy
value. Thus, a total of 16 closo-carboranes structures
were used to validate the PH method and the PNPH
method. Specifically, for the PNPH method, as
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mentioned in the theory section, we use only three
features extracted from Hy, namely, F,, F,, F3, as inputs
to the model. To demonstrate the extremely high cor-
relation between the PNPH-based features and the
structural stability, the model we utilize is a simple linear
regression model, ie. y=cy+ c;F; + o F, + 3 F;,
where ¢;,i=0,1,2,3 are coefficients. For the PH
method, we use the same workflow to extract three fea-
tures from zero-dimensional homology. Thus, the first
feature, denoted FTY, is the value of the filtration pa-
rameter corresponding to when the dimension of H is
reduced for the first time. The second feature, denoted
FI'™, is the filtration parameter corresponding to the time
when the dimension of Hy becomes 1. The third feature,
denoted as F}U, is the value of the area enclosed by the
H, curve spread equally to each atom, i.e. the ratio of the
area S enclosed by the H; curve to the number of atoms
N. Furthermore, we utilize a leave-one-out cross-valida-
tion method to validate the PH and PNPH methods.
Figure 4(a) shows the leave-one-out cross-validation
results of the PH-based model. The Pearson correlation
coeflicients of the predicted results and the true values
are 0.782, RMSE is 0.893, and MAE is 0.660. Among all
the structures, there are four clusters whose predicted
values differ significantly from the true values, namely,
B,C,Hg, B,C,H,, BgC,H;y, and B;3C,H; 5. The struc-
tures of these four clusters are shown in Fig. 4(c). The
difference between the predicted and true values of
these four structures is greater than 0.85 eV. Figure 4(b)
shows the results of the leave-one-out cross-validation
based on the PNPH model. The final correlation
coefficients of the PNPH-based linear model predic-
tions with the true values are 0.903, RMSE 0.596, and
MAE 0.487. Compared with the results of the PH
method, the Pearson correlation coefficient improves by
15.5%, RMSE decreases by 33.2%, and MAE decreases by
26.2%. It is noteworthy that the four structures that were
not well predicted by the PH method were well predicted
by the PNPH method, as shown in Fig. 4(b). The digraph
representation of these four structures and the neigh-
borhood digraph representation are shown in Figs. 4(e)
and 4(f). Compared with the original graph representa-
tion (Fig. 4(d), the digraph in which the differences be-
tween the vertices are encoded by path, and the
neighborhood digraph constructs a richer relationship
between the vertices. It can be found that in Fig. 4(f), the
vertices representing carbon atoms are always isolated
from their nearest neighboring vertices representing hy-
drogen atoms, which means the PNPH method obtains
the information on the location of the key C elements.
The above results show that the PNPH method can ob-
tain information on different elements of multi-element
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Fig. 4. (Color online) (a) Comparison between quantum mechanic

method calculated relative energies (eV) and the persistent homology-

based model predicted results. (b) Comparison between quantum mechanic method calculated relative energies (eV) and the PNPH-based
model predicted results. (c) The structures of the four clusters B,C,Hg, B;C,Ho, BsC,H1y, and B;3C,H 5. (d, e and f) The graph, digraph, and
neighborhood digraph representations of four clusters B,C,Hg, B;C,Ho, BsC,H;g, and B13C,Hs.

clusters, which is superior to the conventional PH
method. In addition, the results also demonstrate that the
features based on the PNPH method are highly correlated
with structural stability.

3.2. PNPH-based prediction of HOMO, LUMO,
and HOMO-LUMO gap

To further validate the features based on the PNPH method,
we predicted the HOMO, LUMO, and HOMO-LUMO

gaps of closo-carboranes. First, we extracted the fea-
tures of zero-dimension and one-dimension path
homotopy of 2319 closo-carboranes structures using
PNPH method and modeled them based on the gra-
dient boosting tree algorithm’s, and finally verified
them by 5-fold cross-validation method, as shown in
Fig. 5. In this work, we calculated the HOMO values,
LUMO values, and HOMO-LUMO gaps for all
structures using quantum mechanic methods and re-
gard them as the true values. Figure 5(a) shows the

HOMO LUMO HOMO-LUMO Gap
-0.25 -0.01
0.30 4
L b

~ -0.27 < 0.05 ) - o
2 8 2 L,
1 2 2
B 029 3 -0.09 3 0.20 /
~ ~ ~

-0.31 -0.13 3

-0.17 0.10
-0.31 -0.29 -0.27 -0.25 -0.17 -0.13 -0.09 -0.05 -0.01 0.10 0.20 0.30
Calculated Calculated Calculated

(a)
Fig. 5.

(b) (c)

(Color online) (a) Comparison of quantum mechanic-based method calculated HOMO values and PNPH-based model predicted

HOMO. (b) Comparison of quantum mechanic-based method calculated LUMO values and PNPH-based model predicted LUMO. (c)
Comparison of quantum mechanic-based method calculated HOMO-LUMO gaps and PNPH-based model predicted HOMO-LUMO gaps.
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comparison of the predicted HOMO values with the
true values, which ends up with a Pearson correlation
coefficient of 0.956, RMSE of 0.007, and MAE of 0.004.
Figure 5(b) shows the comparison of the predicted
LUMO values with the true values, which has a Pearson
correlation coefficient of 0.973, RMSE of 0.007, and
MAE of 0.004. And for the HOMO-LUMO differences,
ie. HOMO-LUMO gaps, which are usually used to
characterize the conductive properties of the material.
The final Pearson correlation coefficient of the PNPH-
based method with the true value is 0.976, the RMSE is
0.002, and the MAE is 0.004. The above results show
that the PNPH-based machine learning model exhibits
excellent performance on the HOMO, LUMO, and
HOMO-LUMO gaps predictions, illustrating the
powerful capability of PNPH. In this work, we focus on
demonstrating the proposed PNPH approach and its
advantages over the original approach. The results of
both tasks show that the PNPH method has great po-
tential for material stability prediction, material func-
tion prediction, and can help drive the design and
discovery of new materials.

4. CONCLUSION

In this work, we proposed a neighborhood path ho-
mology (NPH) method and introduced a filtration
process to achieve the function of extracting structural
features in multiple scales. In the method section, we
introduced the concept and construction of NPH. To
validate the proposed method, we apply the NPH
method to the analysis of closo-carboranes structures.
In the first task, we achieved a prediction accuracy of
Pearson correlation coefficient of 0.903 using only three
features extracted from the zero-dimensional path ho-
mology as input to the linear regression. As a com-
parison, we also followed the same procedure to
validate the traditional persistent homology method,
and the final prediction result was only 0.782. The
prediction accuracy of the NPH method proposed in
this work was improved by 15.5%. It shows that the
inclusion of direction information in the path achieves
the capture of information about different elements in
the structure, thus improving the prediction results. In
the second task, we also extracted the zero- and one-
dimensional structural features by the PNPH method,
and combined with the GBRT algorithm, we achieved
the prediction of HOMO, LUMO, and HOMO-LUMO
gaps for the closo-carboranes C,B, ,H, (n = 5-20)
with Pearson correlation coefficients of 0.915, 0.946
and 0.941, respectively. In this work, we demonstrate

DOI: 10.1142/52737416523500229
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the feasibility of the proposed PNPH method on the
multi-element system with satisfactory prediction ac-
curacy. In future work, by incorporating more sophis-
ticated machine learning models, PNPH can be applied
to more complex multi-element systems to achieve fast
and accurate predictions, providing a feasible path for
structure design and new material discovery.
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